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Abstract 
Silver, D.S., On knot-like groups and ribbon concordance, Journal of Pure and Applied 
Algebra X2 (1992) 99-105. 
We consider the following conjecture of E.S. Rapaport: If G is a knot-like group and its 
commutator subgroup G’ is finitely generated, then G’ is free. We prove this for any knot-like 
3-manifold group. We also prove Rapaport’s conjecture for the group of any ‘efficient’ ribbon 
concordance. Consequently, for any efficient ribbon concordance from X, to q, with X, 
fibered, JC,, is also fibered. 
1. Introduction 
Following Rapaport [13] we will call any finitely presented group G knot-like if 
it has deficiency 1 (i.e., G has a presentation with one more generator than the 
number of relators) and the abelianization G/G’ is infinite cyclic. Knot groups 
n,(Y3 - 7’) provide an important class of examples. In [lo] Neuwirth proved that 
if G is any knot group and its commutator subgroup G’ is finitely generated, then 
G’ is also free. Ten years later Rapaport made the provocative conjecture in [13] 
that Neuwirth’s theorem holds more generally for any knot-like group. She 
proved that this is indeed the case provided that G has a presentation with 
‘spread’ equal to the degree of the Alexander polynomial A,(x). As a con- 
sequence, her conjecture is true for any knot-like l-relator group [13, Theorem 
21. Beyond these results nothing is known about Rapaport’s conjecture. 
We begin with the observation that Rapaport’s conjecture holds for all knot- 
like 3-manifold groups-a collection that includes all knot groups as a proper 
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subset. (See [14] for a very nice example of a knot-like 3-manifold group G that is 
not a knot group. In this example G’ is a rank-4 free group.) The greater part of 
this paper is devoted to the study of ribbon concordance groups 
rr,(Y” x $ - %)-another large collection of knot-like groups. For any ribbon 
concordance % C 9’” x 4 we define a geometric/algebraic invariant M, called the 
‘band spread’, motivated by a similar, purely algebraic notion in [13]. If %? is a 
ribbon concordance from X, to Y<,, then M, is bounded below by i [deg A,,(x) - 
deg A,,(x)], where AJC,((x) denotes the Alexander polynomial of 7’. When equali- 
ty holds we say that % is ‘efficient’. (For example, any ribbon concordance with 
exactly one local minimum is efficient.) We prove Rapaport’s conjecture for any 
efficient ribbon concordance group. Consequently, if %’ is an efficient ribbon 
concordance from X, to Y”, and X, is fibered, then Xc, is also fibered; this provides 
a partial answer to a question raised in [9, 161. 
2. Rapaport’s conjecture for 3-manifold groups 
Neuwirth used geometric cut-and-paste techniques in (lo] to prove that if G is a 
knot group and G’ is finitely generated, then G’ is free. Similar techniques 
enabled Stallings to prove a fibration theorem for 3-manifolds. We will use 
Stallings’ result to give a short proof of the following theorem. 
Theorem 1. Suppose that G is a knot-like group such that G E rr,(.M) for some 
3-manifold 4. If G’ is finitely generated, then G’ is free. 
Proof. Since G is finitely generated, we may assume that JIX is compact [15]. Now 
by [17] G’ s m, (5) for some compact connected surface 9 embedded in JK If the 
boundary as is nonempty, then G’ is free and the theorem is proved. Suppose 
instead that 5 is closed. Since G’IG” is free abelian [12, Theorem 11, L? must be 
orientable. Also, since the deficiency of G is 1, H,(G) = 0 by [12, Theorem 41. If 
the genus of Y is positive, then H,(G’) g H?(T) G Z. However, we can regard G 
as an HNN-extension G’ *G, ; more precisely, we can view G as the free product 
of G’ and an infinite cyclic group (t) modulo the relations tat-l = 4(a) (a E G’), 
where 4 is the automorphism of G’ induced by conjugation in G with a 
representative of a generator for GIG’. If H,(G’) z Z, then exactness in Chis- 
well’s sequence (see [3, 9.41) becomes impossible. Hence, T= Y2, which implies 
that G z Z and in this case the theorem is trivial. 0 
3. Ribbon concordance groups 
A concordance % C Y” x 4 between knots YL[ C 9” x {i}, i = O,l, is a ribbon 
concordance (from X, to 5’4,) if, after suitable isotopy, the restriction to % of the 
projection Y’ X $--, 4 is a Morse function with no local maxima. Following 
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Gordon [5] we write .X, 2 Xr,, and we adopt the following notation: 9 denotes the 
exterior of %; i.e., the closure of Y3 X 4 - nbd(%). Similarly, 2, is the closure of 
9’” x {i} - nbd(Y<). Let G = 7r,(9) and Gi = 7rl(3Yj). (Here and throughout 
basepoint considerations will be suppressed.) The inclusion maps TO 4 9, 2, + 9 
then induce a monomorphism G,,+ G and an epimorphism G, + G (see [5]). 
Any ribbon concordance % from XI to YC, can be isotoped so that X, appears to 
be obtained from Xc, together with a distant unlink 2 = {x, . . , -y,} by ‘fusing’ 
each component -y, to X0 via band-sum. We can then view % top-down in 
movie-fashion by breaking the bands and shrinking each of the resulting unknots 
to a point. (A ribbon concordance from the square knot to the unknot, isotoped 
in this manner, appears in Fig. 1. We will make use of this concordance shortly.) 
From this description it is apparent that G z (G,,, y,, . . . , y,; R), where y, is 
represented by a meridian of y; and R is an n-tuple of relations yi of the form 
XW,YiW,. Here x is represented by a meridian of Y”), and the symbol - denotes 
inverse. Clearly G is knot-like. 
- - 
Make the substitution yi = xa, and rewrite each relation ri as Xw,xu,wi. Then 
G=(G,,a,,. . . , a,; R). Set ai, = X”u,x” and let rru be the rewrite of X”~ix” as a 
word (reduced and cyclically reduced) in the a,” and generators for G:,. We will 
denote the n-tuple Y,“, . . . , r,, by R,. Let mi (resp. &I;) be the smallest (resp. 
largest) second subscript of the ui, occurring in R,,. Choosing a new base path for 
3c, (= square knot) C Y’ x { 1) 
9x{:} 
?I{,, (= unknot) C Y3 x (0) 
Fig. 1. rI = Xy,Xy,xy, = a,,Z,,C,,,, rl= Xx”y,yzy,x” = ~T,,~?i~,~~_,a,.~,_,. After rechoosing base path, 
rz = a,,&,,a,,,-,. C M, = max(2, a). 
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yi that winds about .7& enables us to adjust the second subscript of a,“; hence we 
can assume that each mj is zero. Define the band spread M, of % to be the sum of 
the M,. Since M, depends on the manner in which % has been isotoped, we will 
always require that M, be least possible. (See the example in Fig. 1.) 
The following lemma provides a lower bound for M, in terms of the Alexander 
polynomials of X, and X0. 
Lemma 2. i[deg A,,c,(x) - deg A,(x)] 5 M,. Equality holds when n = 1 (i.e., 
when % has exactly one local minimum.) 
Proof. We adopt the exponential notation used in 1131, writing aiv as (a,)XV. Then 
modulo G” each relation Y,,, can be expressed as a product (u,)~~@) 
. . . (a,l)~tA~)~ Let f(x) = x’(c~, + c,x + . . . + cdxd) be the determinant of the n x n 
matrix P(x) = (Z’,,(x)). Note that d 5 M, with equality when n = 1. Using the 
presentation ( G,,, a,, . . , a,, ; R) for G, we immediately see that A,(x) = 
AYIU(x)f(x). By [l, Proposition l] A,(x)A,(x) = AN,(~)A,l(o(x), from which 
A,,(X) = 4~,,(x)f(x)f(4 f o 11 ows. Hence d = { [deg A,,(X) - deg A,,,(x)]. 0 
We will say that a ribbon concordance % from X, to XC, is efficient if 
M,& = $ [deg A,,(X) - deg A,,(x)]. By Lemma 2 any ribbon concordance with 
exactly one local minimum is efficient. 
Theorem 3. Let G be the group of an efficient ribbon concordance. If G’ is finitely 
generated, then G’ is free. 
Corollary 4. Assume that XI 2 YC(,, X, fibered. If there exists an ejjkient ribbon 
concordance from X, to YG,, then X0 is also fibered. 
Proof. Let % be any ribbon concordance from X, to XC1 with 71, fibered. Since G; 
is finitely generated and the inclusion map 2, + 9 induces an epimorphism 
Gi-+ G’, the group G’ is also finitely generated. If, in addition, % is efficient, 
then G’ is free by Theorem 3. The inclusion map Z?$, 4 9 induces a monomor- 
phism G;+ G’, so G;, is free. Hence Y’, is fibered. 0 
We now prepare to prove Theorem 3. Let %” be the 3-manifold obtained by 
splitting Y” along a minimal Seifert surface 9 for the knot .Y’C,. Then Y is a 
(relative) cobordism between a_ 7f = 9 and c?+ V = 9, and we can construct the 
universal abelian covering space @(;, of the knot exterior 9$ by gluing countably 
many copies Yq of V end-to-end. From this we see that G’ is an infinite free 
product with amalgamation: 
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In particular, each 7~~ Vq can be regarded as a subgroup of G:,. Assume n, V(, = 
(b,,, . . . , b,; S”, . . . , s, ) (The deficiency is zero by an Euler characteristic 
argument.) If we let B, denote the m-tuple of generators h, (= XYbj~‘) and let S, 
denote the m-tuple of relations sj4 (= Xysjxq), then 7r, Y, = (B,; S4). Selecting 
sets of generators for the subgroups r,(a,V) of 7~~ ‘I’ enables us to amalgamate 
the presentations (B,; Sy ), thereby producing a presentation for GA. 
Now let A denote the generators a,,, . . . , a,,,,,, uzo, . . . , aEM,,, and let A, = 
XqAxy. Previously, we expressed the relations R, as words in A and generators of 
Gl,. Since the B, generate G[,, we can further rewrite R,, as words in A,, B,. In 
fact, after replacing each bj in the above presentation of r, 2’ with a conjugate by 
an appropriate power of x (geometrically, rechoosing base paths for loops 
representing the b,), we can assume that each b,,, occurs in R, but no b,4 occurs 
when q < 0. Let N denote the maximum second subscript of the bjq occurring in 
R,,, and define 
Define 
Note that by combining the presentations of all H,, we obtain a presentation for 
G’. 
Let Hi (resp. Hi) be the subgroup of H, generated by every symbol except 
a l.M,+q’. . . 9 %M,+q, B N+q (rev. alq, . . , , anq, B4.) 
Lemma 5. If (e is efficient, then Hi is isomorphic to Hi under the matching 
aiq~a;,,+l, bjq++b,,q+l. 
Proof. For simplicity we will prove the result only for q = 0. (The proof for 
arbitrary q is identical.) First, note that 7~~ VO *,+ * . . *T,fF n-, YN is a subgroup of 
the locally indicable group G,#, (see [8, Corollary 6.3]), and so it too is locally 
indicable . Consequently, the group 
which is isomorphic to the free product of 7~~ Y(‘,, *x,b . . . *n,9 n, ‘VN and the free 
group on a,,,, . . . , Q,,~,-~, a20,. . . , a,l.M -,, II is locally indicable; regard the 
relations R,, as a system of n equations in n variables alM,, . . , a,_,, over this 
group. The hypothesis that %‘Z is efficient guarantees that the system of equations is 
nonsingular, and hence by [6, Corollary 4.21 
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is a subgroup of H,. Deleting the amalgamated factor pi ?‘“N , 
is also a subgroup of Ho, and since it is generated by the same elements as the 
subgroup H, , it must coincide with Hi. Similarly, 
From these presentations of Hi and H,: it is clear that the two groups are 
isomorphic under the described matching. 0 
Proof of Theorem 3. By Lemma 5 the group G’ is isomorphic to the infinite free 
product of all of the Hq with Hi and Hi,, amalgamated by the described 
matching. Since G’ is finitely generated, each of the amalgamating monomor- 
phisms must also be onto (see, e.g., [ll, p. 311) and hence G’ z Hi. By the proof 
of Lemma 5 the group H, is finitely presented and locally indicable. Now by [S] 
the ribbon concordance complement Y is aspherical, and consequently, G has 
cohomological dimension 2. The conclusion that G’ is free follows by Theorem B 
of [2]. 0 
4. Questions 
For any ribbon concordance % we have defmed an invariant M, called the 
‘band spread’. It would be interesting to know more about M,. In particular: 
(1) Does there exist a ribbon concordance with X, fibered such that the 
inequality of Lemma 2 is strict? (Compare with [13, p. 124, line 14-171.) 
In the proof of Theorem 3 we proved that if G is the group of an efficient 
ribbon concordance and G’ is finitely generated, then G’ is finitely presented. 
(2) If G is any ribbon concordance group and G’ is finitely generated, must G’ 
be finitely presented? 
If the answer to this question is yes, then Rapaport’s conjecture for ribbon 
concordance groups is equivalent to the conjecture that the complement of any 
ribbon concordance is aspherical. (This follows from [2] and [6].) 
References 
[l] 1.R. Aitchison and D.S. Silver, On certain fibred ribbon disc pairs, Trans. Amer. Math. Sot. 306 
(1988) 529-551. 
[2] R. Bieri, Normal subgroups in duality groups and in groups of cohomological dimension 2, J. 
Pure Appl. Algebra 7 (1976) 35-51. 
[3] K.S. Brown, Cohomology of Groups (Springer, Berlin, 1982). 
Knot-like groups and ribbon concordance 105 
[4] M. Gerstenhaber and O.S. Rothaus, The solution of sets of equations in groups, Proc. Nat. 
Acad. Sci. U.S.A. 48 (1962) 1531-1533. 
[5] C. McA. Gordon, Ribbon concordance and knots in the S-sphere, Math. Ann. 257 (1981) 
157-170. 
[6] J. Howie. On pairs of 2-complexes and systems of equations over groups, J. Reine Angew. Math. 
324 (1981) 165-174. 
[7] J. Howie, On locally indicable groups, Math. Z. 180 (1982) 445-461. 
[8] J. Howie, Some remarks on a problem of J.H.C. Whitehead, Topology 22 (1983) 475-485. 
[9] K. Miyazaki, Private correspondence. 
(lo] L. Neuwirth, Interpolating manifolds for knots in S’, Topology 2 (1964) 359-365. 
[ll] L. Neuwirth, Knot Groups, Annals of Mathematics Studies, Vol. 56 (Princeton University Press, 
Princeton, NJ, 1965). 
[12] E.S. Rapaport, On the commutator subgroup of a knot group, Ann. of Math 71 (1960) 157-162. 
[13] E.S. Rapaport, Knot-like Groups, Annals of Mathematics Studies, Vol. 84 (Princeton University 
Press, Princeton, NJ, 1975) 119-133. 
[14] J.G. Ratcliffe, A fibered knot in a homology 3-sphere whose group is nonclassical, Contemp. 
Math. 20 (1983) 327-339. 
[15] G.P. Scott, Compact submanifolds of 3-manifolds, J. London Math. Sot. 7 (1973) 246-250. 
[16] D.S. Silver, Growth rates of n-knots, Topology Appl. 42 (1991) 217-230. 
[17] J. Stallings, On fibering certain 3-manifolds, in: M.K. Fort Jr, ed., Topology of 3-Manifolds 
(Prentice-Hall, Englewood Cliffs, NJ. 1962) 95-100. 
